In this paper, we deal with the valuation of Game Russian option with jumps, which is a contract that the seller and the buyer have both the rights to cancel and to exercise it at any time, respectively. This model can be formulated as a coupled optimal stopping problem. First, we discuss the pricing model with jumps when the stock pays dividends continuously. Secondly, we derive the value function of Game Russian options and investigate properties of optimal boundaries of the buyer. Finally, some numerical results are presented to demonstrate analytical properties of the value function.
Introduction
Russian option was introduced by Shepp and Shiryaev [1, 2] and it was one of perpetual American lookback options. In Russian option, the buyer has the right to exercise it at any time. On the other hand, in Game Russian option, not only the buyer but also the seller has the right to cancel it at any time. This option is based on Game option introduced by Kifer [3] . Game option frame work can be applied to various American-type options. Therefore, we apply this frame work to Russian option. The valuation of Game Russian option can be formulated as a coupled optimal stopping problem. See Cvitanic and Karatzas [4] , Kifer [3] .
Kyprianou [5] derived the closed-form solution in the case where the dividend rate is zero. Suzuki and Sawaki [6] gave the pricing formula with positive dividend. Kou and Wang [7] presented the closed-form for the value function of perpetual American put options without dividend and so on. Suzuki and Sawaki [8] studied the pricing formula of Russian option for double exponential jump diffusion processes.
In this paper, we deal with Game Russian options. Game Russian option is a contact that the seller and the buyer have the rights to cancel and to exercise it at any time, respectively. We present the pricing formula of Game Russian options for double exponential jump diffusion processes. The pricing of such an option can be formulated as a coupled optimal stopping problem which is analyzed as Dynkin game. We derive the value function of Game Russian option and its optimal boundaries. Also some numerical results are presented to demonstrate analytical sensitivities of the value function with respect to parameters. This paper is organized as follows. In Section 2, we introduce a pricing model of Game Russian options by means of a coupled optimal stopping problem given by Kifer [3] . Section 3 presents the value function of Game Russian options for double exponential jump diffusion processes. Section 4 presents numerical examples to ver-A. SUZUKI, K. SAWAKI 48 ify analytical results. We end the paper with some concluding remarks and future work.
Pricing Model
In this section, we consider the pricing model for Game Russian option. Let   
where  and are constants. Define another probability measure
where is a nonnegative continuous dividend rate of the risky asset,
is the information available at time and t   
is a Brownian motion with respect to . P  We can rewrite (1) as
V v be a function of class . Then the infinitesimal generator of the process
Next we introduce the four real numbers 1 2 3 4 , , ,     . Kou and Wang [9] showed that the equation
, , ,
And the four solutions satisfy the following inequalities
Define the process
Then the value function of Russian option is given by
where the supremum is taken for all stopping times  . 
, .
Moreover, the optimal boundary is the solution in
and the optimal stopping time is given by
Game Russian Options
Let  denote a cancel time for the seller and  an exercise time for the buyer. If the seller cancels the contract, the buyer receives 
where 
is Lipschitz continuous and satisfies (4) . If the penalty  is large enough, the seller never cancels. . 
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given by We can get the last condition by using the infinitesimal generator 
and the optimal stopping times are given by
The optimal boundary for the buyer is the unique solution to the equation
In order to prove the above theorem, we need the following lemmas.
Lemma 4.1 Assume that a function  
V v has the following properties;
2) It holds     0
holds. The optimal exercise reg Then, V is the value f ction of Game Russian options with dividend, i.e., V ion is the interval   and the optimal cancellation region is
Proof.
Ito's formul 
Conclusion
In this paper, we discussed the valuation of Game Russian option written on dividend paying asset, obtained the value function of it for double exponential jump diffusion processes and also explored some analytical properties of the value function and the optimal boundaries for the seller and buyer, which were useful to provide an approximation of the finite lived Game Russian option. Moreover, we plan to examine convertible bonds with jumps by using Game option frame work. We shall leave it as future work.
